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Introduction & Motivation of Nonconvex Optimization Motivating Examples

Example: Low-rank Matrix Completion

We observe:

Y
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= P
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Complete ratings

�
:

Matrix completion
via bilinear low-rank factorization
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Introduction & Motivation of Nonconvex Optimization Motivating Examples

Example: Dictionary for Image Representation

Image processing
(e.g. denoising or super-resolution)
against a known sparsifying dictionary:

I noisy = A
dictionary

� x
sparse

+ z:
noise

(1)

Dictionary learning : the motifs or atoms of the dictionary are unknown:

Y
data

= A
dictionary

X :
sparse

(2)

� Band-limited signals:A = F , the Fourier transform;
� Piecewise smooth signals:A = W , the wavelet transforms;
� Natural imagesA =? (How to learn A from the dataY ?)
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Introduction & Motivation of Nonconvex Optimization Motivating Examples

Convex and Nonconvex Optimization
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Introduction & Motivation of Nonconvex Optimization Motivating Examples

Dictionary Learning

Recovered solutions always obtain the same objective value.

Yuqian Zhang Nonconvex Optimization Methods May 25, 2022 5 / 52



Introduction & Motivation of Nonconvex Optimization Motivating Examples

Benign Nonconvex Optimization Landscape

General Case Structured Case
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Introduction & Motivation of Nonconvex Optimization Motivating Examples

Example: Sparse Blind Deconvolution

Sparse Blind Deconvolution :
the convolutional motif or sparse
activation signal are unknown:

Y
data

= A
motif

� X :
sparse

(3)

� Scienti�c signals:
activation signals are sparse

� Image deblurring:
natural images are
sparse in the gradient domain
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Introduction & Motivation of Nonconvex Optimization Motivating Examples

Sparse Blind Deconvolution

Recovered solutions are near signed shift-truncations of the ground
truth.
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Introduction & Motivation of Nonconvex Optimization Motivating Examples

Convoltional Dictionary learning

Y
data

=
X

i

A i
motif

� X i :
sparse

Recovered solutions are near signed shift-truncations of the ground
truth.
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Introduction & Motivation of Nonconvex Optimization Nonlinearality, Nonconvexity, and Symmetry

Challenges of Nonconvex Optimization { Pessimistic Views

Consider the problem of minimizing
a general nonlinear function:

min
z

' (z); z 2 C: (4)

In the worst case, even �nding
a local minimizer can be NP-hard1.

Hence typically people
seek to work with relatively benign
functions with benign guarantees:

1 convergence to some critical point�z such that r ' ( �z) = 0;

2 or convergence to some local minimizerr 2' ( �z) � 0.

1Some NP-complete problems in quadratic and nonlinear programming, K.G Murty
and S. N. Kabadi, 1987
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Introduction & Motivation of Nonconvex Optimization Nonlinearality, Nonconvexity, and Symmetry

Opportunities { Optimistic Views
However, nonconvex
problems that arise from
natural physical, geometrical,
or statistical origins typically
have nice structures,
in terms of symmetries!

The function ' is invariant
under certain group action:

� for low rank matrix recovery, invariant under a continuous rotation:

' ((U � ; V � � 1)) = ' ((U ; V )) ; 8 invertible � :

� for dictionary learning, invariant under signed permutations:

' ((A ; X )) = ' ((A � ; � � X )) ; 8� 2 SP(n):
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Introduction & Motivation of Nonconvex Optimization Nonlinearality, Nonconvexity, and Symmetry

Nonlinearity and Symmetry
Intrinsic ambiguity against the uniqueness of the solution

� low rank matrix recovery

X = U0V T
0 = U0�� � 1V T

0

for any invertible� .
� dictionary learning

Y = A 0X 0 = A 0�� � X 0

for any signed permutation� .
� blind deconvolution

y = a0 � x 0 = S� [a0] � S� � [x 0]

for any signed shift� .
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Introduction & Motivation of Nonconvex Optimization Nonlinearality, Nonconvexity, and Symmetry

Optimization under Symmetry

De�nition (Symmetric Function)

Let G be a group acting onRn . A function ' : Rn ! Rn0
is G-symmetric

if for all z 2 Rn , g 2 G, ' (g � z) = ' (z).

Most symmetric objective functions that
arise in structure signal recovery do not
have spurious local minimizers or 
at
saddles.

Slogan 1: the (only!) local minimizers are symmetric versions of
the ground truth.
Slogan 2: any local critical point has negative curvature in direc-
tions that break symmetry.
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Introduction & Motivation of Nonconvex Optimization Nonlinearality, Nonconvexity, and Symmetry

Basic Calculus

Critical points or stationary points: gradient vanishes

� convex function: critical point = minimizer
� nonconvex function: not all critical point are minimizer
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Introduction & Motivation of Nonconvex Optimization Nonlinearality, Nonconvexity, and Symmetry

Basic Calculus

Critical points with non-singular hessian
� minimizer: hessian is positive de�nite
� saddle points: hessian has both positive and negative eigenvalues
� maximizer: hessian is negative de�nite
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